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We consider the coupling between massive and spinning particles and three dimen- 
sional gravity. This allows us to construct geometric operators (distances between 
particles) as Dirac observables. We quantize the system a la loop quantum gravity: 
we give a description of the kinematical Hilbert space and construct the associated 
spin-foam model. We quantize the physical distance operator and compute its 
spectrum. 



1. Coupling gravity to point particles 

It is well known ^ that three dimensional gravity can be formulated as a 
Chern-Simons theory whose gauge group G depends on the signature of 
the metric and on the sign of the cosmological constant. In this article, we 
will exclusively concentrate on the euclidean case with zero cosmological 
constant. In that case, the gauge group is the isometry group G — ISU{2) 
of the three dimensional euclidean space E^. We will denote by {Pa)a=o,i,2 
and ( Ja)a=o,i.2 respectively the translational and rotational generators of 
the Lie algebra g = isu{2). 

The coupling between a point particle (mass m and spin s) and the 
gravitational field can be formulated as a minimal gauge coupling. 



1.1. The coupled system as a minimal gauge coupling 

The formalism we would like to develop is based on the fact that we can 
identify the degrees of freedom of a massive and spinning relativistic particle 
evolving in the three dimensional euclidean space with an element of 
G = ISU{2). Any element X ^ G can be decomposed, by definition, as the 
semi-direct product X = (A, q) of a rotation A G SU{2) and a translation 
q: we can clearly identify q with the position of a particle in E'^ and we 
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will show that A is related to the momentum of the particle**). In that 
framework, the dynamics between times ti and <2 of a relativistic particle 
is defined by the following first order action: 



'^p{^] = / dt < x(to, s) , X ^— > where x(to, s) = mJo + sPq G q{1) 



The application <,>: g x g ^ C is a non-degenerate invariant bilinear 
form on g such that the only non- vanishing product is < Pa^Jb ^ — ^ab- 
One can show that the action Sp reproduces the motion of a free massive 
and spinning relativistic particle: its trajectory is a geodesic of and its 
momentum is conserved ^. 

Before going to the coupled system, it is interesting to note that the free 
particle action (1) is invariant under the global transformation X i— > gX 
for any g £ G. The coupling to the gravitational field consists precisely 
of gauging this global symmetry using a G-connection w. Naturally, the 
dynamics of the gauge field u is given by a Chern-Simons action Scs [^'] of 
gauge group G defined on a three dimensional manifold M = S x [ti, f2]: 



A naive minimal gauge coupling introduces ambiguities and therefore it is 
necessary to consider a regularization. The basic idea^ consists of replacing 
the point particle by a small loop £ whose time evolution draws a cylinder 
B = £ X [tl, in the space-time M . 

The particle lives on the boundary B and the coupling between the 
particle and the gravitational field is defined as an integral over B: 



Sc[uJ,X] = — / dtd^<x{m,3),X-^—+X-^u:tX> . (3) 



Note that £ [0, 27r] is the angular variable parametrizing the loop £ and 
the origin = is arbitrary. In this integral, X depends only on t and Ut 
is the component of the connection in the time direction. 

The dynamics of the gauge field lo is. a priori, described by a Chern- 
Simons action (2). However, because of the regularization, the space-time 
admits a boundary B which breaks the gauge invariance. To restore the 
invariance, first we have to ask the question of what type of symmetry we 
would like at the boundary. As the parameter does not have any physical 



^The momentum p and spin-vector <t of a three-dimensional relativistic particle are 
proportional and related by the expression a = where m and s are respectively the 
mass and the spin. 
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meanning, we impose that gauge transformations are constant along i. To 
have a theory invariant under these transformations, the Chern-Simons 
action has to be supplemented with the boundary term Sb [w] = /g dtdip < 
uJtTUJip >■ It is trivial to verify that the resulting action Scsl'-^] + Sb[(jj] is 
invariant under the required gauge transformations. Then, the action for 
the coupled system is given by: 

S[uj,X] = Scsiuj] + Sb[uj] + S,[u;,X] . (4) 

The generalization to an arbitrary number N of particles is straightforward; 
we call pi the i*^ particle of mass rrii and spin Si whose dynamical variable 
is denoted Xi = (Aj, Qi) e G. 

1.2. Symmetries and Observables 

This section aims to present the main rcsiilts of the canonical analysis of 
the action (4). In particular, we obtain the following constraint defined for 
any weC°°(S,fl): 

<^{v) = I d^x e'^ < V, F[uj]ij > +2 / dip<v,io^ + -^Xx{m, s)X"^ > (5) 

As a consequence, the connection is flat on the surface S but its holonomy 
Hfi around the loop d is given by = X exp(— x(w, s))Ar~^. Note that 
the connection w is defined everywhere on S and therefore there is no 
singularity. 

When V is constant along then the constraint (5) is first class and 
therefore generates gauge transformations. To this constraint, we have to 
add the constraints that generate internal symmetries associated to the 
particle: they are parametrized by an element e of the Cartan subalgebra 
of fl. As a result, infinitesimal gauge transformations on the variables X 
and on the spatial components of the connection {uJi)i=\fi read: 

5X = -Xe-v{i)X and 6lj, = D,v (6) 

where v{£) denotes the evaluation of the function v on the loop £. These 
results are trivially extended to a system P = {pi, • • • , pjv} of A'' particles. 

In the absence of particles, the theory reduces to a Chern-Simons theory 
associated to the group G and the physical phase space is known as the 
moduli space of flat G-connections. Classical observables arc defined in 
terms of spin-networks. In the presence of particles, we can define new 
observables which capture the dynamics of the particle and contain, in 
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particular, the relative positions between particles. To understand this 
point, let us define the following function: 

0^[lj,X^,Xj] = X,{ti)-^U^[u;]Xj{ti) . (7) 

In this definition, [uj] denotes the holonomy of the connection along the 
curve 7 whose starting point and end point are respectively the points of 
coordinates (pi G £i and ipj G £j. As the connection lu is flat, depends 
only on the homotopy class of the path 7. Moreover, it is clearly invariant 
under the gauge transformations (6) and therefore is an observable. We deal 
with internal symmetries of the particle by considering initial configuration 
variables in (7). 

To extract physical informations from OjIlu, Xi, Xj], we shall write it 
in the vectorial representation and we obtain: 

f Ai{ti)-^hj[A]Aj{ti) Ai{ti)-\hj[A]qj{ti)+q4e,A] - qi{ti)) 

V 1 

/i-^. [A] = P exp A denotes the holonomy of the spin-connection A 
along the path 7 and we have introduced the notation g^[e, A] = 
lT'j^x[A]efj,{x)dx^ where the path 7 < x (resp. 7 > x) is the part of 
7 which ends to (resp. starts from) the point a: G 7. One can see that the 
translational part (7-^(1, j) of Oj (8) is the analogous of the position of the 
particle pj in the rest frame of pj. Then, the relative distance Dj{i,j) is 
given by the formula: 

D'^ihj) = qj{i, j)'' qj{i, j) ■ (9) 

This distance operator is a gauge invariant function which depends only 

on the homotopy class of 7. As a result, we have constructed a distance 
operator which is a Dirac observable and therefore should be related to a 
physical process. 

2. Loop Quantization 

The following aims at exploring loop quantum gravity techniques as an 
interesting quantization scheme of the coupled system. In particular, we 
define the notion of kinematical Hilbert space of the coupled system, we 
quantize the distance observables and compute their action on particular 
states. 

For that purpose, we decompose the first class constraints $ (5) into its 
torsion part $t and its curvature part defined by: 

^Tiv) = $KJ„) and ^c{v) = $KPa) (10) 
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for any element v G C°°(S, M.^) which is constant on the boundary £. These 
constraints respectively generate the rotational and the translational gauge 
transformations (6) on the dynamical variables. 

2.1. Kinematical Hilbert space 

The strategy will consist of quantizing the theory before implementing the 
first class constraints. The kinematical Hilbert space Hkin{^,P) will be 
defined as the set of states satisfying all first class constraints but not the 
curvature constraint $c endowed with a suitable scalar product. Then, we 
define the physical ffilbert space HphysC^, P) from the kinematical one by 
introducing a projector which implements the constraint $0"- Finally, we 
make use of this projector to define a spin foam model describing dynamics 
of massive and spinning self-gravitating particles ^. 

fn the pure gravitational case, kinematical states are defined as gauge in- 
variant cylindrical functions on S. The set of invariant cylindrical functions 
Cyl(S) in naturally endowed with an invariant measure and spin-network 
states provide it with an orthonormal basis. To generalize this notion to 
the coupled system, let us note that the action (1) of the free relativistic 
particle p admits a "loop quantization" scheme which leads to the following 
formulation for its Hilbert space: 

H{p) ^ {^(A)i|Z G[-i,+i]}. (11) 

j 

In that definition, tt denotes the spin ^-representation of SU{2) and s is 
the spin of the particle. Therefore, H(p) is a sub-space of polynomial 
functions of SU (2) whose Hilbert structure is naturally given by the SU{2) 
Haar measure. We make use of this formulation to generalize the space of 
cylindrical functions to the coupled system as follows: 

Cyl(S, P) = Cyl(S) ® H{p,) ® • • • ® H{pn) ■ (12) 

The inner products on Cyl(E) and on H{pi) naturally endow Cyl(S,P) 
with a Hilbert structure and we call auxiliary Hilbert space Haux{^, P) its 
completion. 

The generalized Gauss constraint $t (10) generates SU{2) gauge trans- 
formations on the variables of the coupled system. As a result, the kinemat- 
ical Hilbert space Hkin{^, P) is defined by the Hilbert subspace of gauge 
invariant functions of Haux{^, P)- At this stage, we can generalize the no- 
tion of spin-network states to the coupled system and provide Jffej„(I],P) 
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with an orthonormal basis The construction of the physical Hilbert space 
is presented in ^ and is a generahzation of the techniques developed in the 
pure gravitational case ^. 

2.2. Distance operators 

Let us consider a classical (square) distance operator (9) between the parti- 
cles pi and pj and associated to an oriented path 7 linking them. One can 
see that there is no ambiguity to quantize it and one obtains a quantum 
operator D'i^{i, j) acting on _fffci„(E,P). Let us consider a gauge invariant 
generalized spin-network state G Hkin{T,,P) associated to a graph F 
such that there is one and only one edge G Er (colored by if) which 
intersects the curve 7 on only one point x ^ £i,£2- The action of D'^{i,j) 
on such a state is immediate and the result rcads^: 

D^^ii,j) > *5 = ic(«< + l)*. (13) 

This result is identical to the usual one obtained in pure loop quantum 
gravity even if our expression of the distance operator is a priori completely 
different to the usual one. Nevertheless, the result of the action of the 
distance operator on a state which intersects several times the path 7 is not 
given by a contribution for each edges ^ intersected. This result is subtil, 
presented in ^ and depends only on the homotopy class of 7 (manifestation 
of the diffeomorphism invariance of the distance operator). 
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